Introduction
In a recent paper [4] the sloshing frequencies of an inviscid fluid in a half-space with circular or strip-like aperture have been investigated. The mathematical problem statement is of striking simplicity: the unknown velocity potential (p satisfies the Laplace equation in a half-space, the normal derivative ~p/~n vanishes at the boundary, except on the aperture where a~/gn = ;~ (p holds, and (p decays sufficiently rapidly as the distance from the aperture increases.
Nevertheless, the numerical computation of the eigenvalues ~ requires, in addition to the general theoretical considerations, the rather extensive use of information on special functions of mathematical physics. It is the purpose of this note to show that the spectrum of the problem exhibits some noteworthy features, in accordance with the simplicity of the problem statement and in spite of the computational complications which are necessary to obtain the eigenvalues with rigorous error bounds.
Since the numerical results in [4] are remarkably accurate, it is feasible to deduce some properties of the spectrum on an empirical basis and then formulate the corresponding conjectures. In section 2 we will first state the known simple formulas for an upper and lower bound for an arbitrary eigenvalue. Then the next term in the asymptotic behavior is established in section 3, and this result is justified theoretically.
The other question about the spectrum, considered in section 4, deals with the sum S = ~ 1/2~, n=l evaluated separately for each symmetry class of the free oscillations. In the theory of integral equations the sum over the reciprocal squares of the eigenvalues equals the square of the kernel, integrated over the domain of all of its variables, provided appropriate conditions are satisfied (cf. [5] , p. 141). The careful analysis of the numerical results in [-4] suggests reasonable looking expressions for these sums; it would seem quite desirable to prove that these conjectures are indeed correct.
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Elementary Upper and Lower Bounds for All Eigenvalues
Lower bounds for the n-th eigenvalue for a half-space with circular aperture are readily obtained by considering the eigenvalues for an infinitely deep cylinder of unit radius (cf. [4] holds.
For the strip-like aperture (i.e., for two-dimensional or planar sloshing) the corresponding bounds are given by n2<2.<(n+l)2, n=1,2 .... (2.3) where in this context, the eigenvalues are numbered consecutively, and n is odd for the antisymmetric, even for the symmetric planar mode.
The Next Term in the Asymptotic Behavior
From (2.2) and (2.3) it follows that all eigenvalues are confined to an interval which for the planar case is of length ~z/2, and which tends asymptotically to 7~/2 in the axially symmetric case. It is possible to make a more specific statement about the eventual position of the high eigenvalues within this interval. The eigenvalues have been reported up to n = 8; and in the results due to Prof. totic results, called ~* /v , approximate the eigenvalues quite reasonably, even for n less than 6. The asymptotic formula follows the type found for ordinary differential equations rather than that for partial differential equations (see [-2] , chap. VI), and this could have been anticipated from the nature of the problem.
It has been pointed out by Prof. J. B. Keller, that the asymptotic behavior of the eigenvalues can be deduced from the known solution of the dock problem [3] . For very short wave lengths, i.e., for high sloshing modes, the aperture appears so large in relation to the wave length that the phase of the wave at the rim is well approximated by the solution for a dock in an infinite ocean.
Let us first consider planar sloshing, since this represents the simpler case. The velocity potential (p at the free surface, which is taken to be the positive x-axis, turns out to be (see [7] , p. 323) ) rc
q)(x, O)=cos ( ~x-~-) +o(1). (3.3)
It then follows immediately (cf. 
].,.,~(n-1)~+m~--~ 4
([1], chap. 9) for m_> 1. (As observed in [4] , p. 314, the spectrum for m=0 is the same as that for m=2 and will therefore not be considered further.) Thus, with a phase increment of ~z/8, rc 5~ 2.,,.=n~+m2 8 +o(1).
An example for m= 1 is shown in Figure 2b . In this connection the question arises, why we have not applied the phase increment re/8 to the true extrema of the Bessel functions rather than to their asymptotic extrema. This would indeed improve the approximation and reduce the error very substantially, except for m= 1 and m---2. However, a closer inspection of the difference 2-2* (cf. Table 1) reveals that their reciprocal values depend linearly on n, with the exception of m = 1, where the dependence on n is quadratic. This is an indication that for m= 1 the next term in the asymptotic formula vanishes, so that the astonishingly good approximations given by 2* for m = 1 are not purely accidental.
Admittedly, any set of smooth results will exhibit some trend, but the differences 2-2* listed in Table 3 
v=--(2k+m-1). 2
This formula is identical for the axially symmetric case (m = 1, 2 .... ), the symmetric plane case (m= -89 and the antisymmetric plane case (m= 89 The latter two choices for m are suggested by the considerations in [4] , p. 300. For the symmetric plane case the trivial lowest eigenvalue 21= 0 is omitted as is customary, so that we have here k = 2, 3 ..... but with the obvious shift in indexing used in Table 1 . The equation for the antisymmetric planar case. The first two terms agree with (3.1) and (3.2) and are, as already mentioned, denoted by 2* in Table 1 . Table 1 shows that 2** approximates the numerical eigenvalues quite well. Although the general structure of the third term in 2** is clearly indicated, it is of course possible that, for instance, the last term in (3.7) should actually read 1/8 zc k, i. e.,
This possibility, denoted by 2 + approximates the eigenvalues 2 even more closely (cf. Table 1 ), but then (3.4) would have to be modified slightly for m= 89
The Sum of the Squares of the Reciprocal Eigenvalues
The sums s = Z 1/2.
can be determined quite accurately from the numerical results in [4] and from the asymptotic behavior derived in section 3. Let us recall first some known results about the roots of the Bessel functions. By comparing the quadratic terms in the power series expansion with the product representation of the Bessel functions (cf. [1] , chap. 9) one obtains for the positive roots 2 of Jm (2) Tables 4 and 5 for the upper bounds ,~ and the lower bounds [, in agreement with the remarks made in section 2 above. For m = 0 and for the symmetric planar case, the lowest term in the 2-sum must be subtracted, in order to retain consistency. In terms of the digamma function 7 j (cf. [1] , chap. 6) we then obtain 1//~, -{T( 89 T'(m+l)} for m> 1. n=l 2m~C2
Setting m = 89 this formula also furnishes the result in Table 5 for the antisymmetric case, whereas for the symmetric case the conjectured closed form expression given in Table 5 is in agreement with the numerical value to better than five digits. Although these results are highly suggestive, their validity has not been proved. As an example that peculiar numerical coincidences can indeed occur, we note that Nevertheless, this must be judged a coincidence, even if the term ~ is similar to the term in the asymptotic expansion (3.2) above.
